Let C be a real algebraic curve of genus g 1 having at least g real components. We show that there is an embedding of C into P 2g as a curve of degree 3g which induces a group structure on a connected component X of the set of e ective divisors on C of degree g.
Introduction
A nonsingular geometrically irreducible complete algebraic curve C of genus 1 over a eld K having a rational point O admits an explicit geometric description of its Jacobian 12] . This description can be divided into two stages.
The rst stage is to consider C embedded in P 2 as a nonsingular cubic curve via the linear system j3Oj. This embedding induces a group structure on the set C(L) of L-rational points, for any eld extension L of K. The reason behind the existence of this group structure is the fact that, for all P; Q 2 C(L), the divisor 3O?P ?Q is nonspecial, by Riemann-Roch, and of degree 1. Moreover, if L 0 is a eld extension of L then the group structures on C(L) and C(L 0 ) are compatible. Hence, C acquires the structure of an algebraic group over K.
The second stage is to remark that the map cl(L): P When one wants to generalize the above explicit geometric description of the Jacobian to higher genus g, both stages give rise to di culties:
As for the second stage, one cannot do better than replacing C by the algebraic variety Div Now, the object of this paper is to show that if C is a real algebraic curve having many real components then, for a good choice of the divisor O, there is a connected component X of Div g;e C (R) on which the rational group law is a true group law. And then, the restriction of cl(R) to X becomes an isomorphism of the group X with the neutral component of Pic 0 C (R). In fact, the restriction of cl(R) to X is an isomorphism of Nash groups. The main ingredient of the proof is a result that establishes a large class of nonspecial divisors on C of relatively small degree.
In the paper, we will not discuss equations for the curve C P 2g . It is rather clear that there are \generalized Weierstrass" equations for the curve C P 2g . Once one has such equations it should not be too di cult to determine explicitly the group law on the connected component X of Div g;e C (R). Finally, we remark that all results of the paper hold for any real closed eld instead of the ordinary eld of real numbers. In particular, readers interested in algebraic curves de ned over real number elds may think of R as the eld R alg of real algebraic numbers.
Convention and notation. A real algebraic curve is a geometrically integral nonsingular proper scheme over R of dimension 1. The r-dimensional real projective space is simply denoted by P r instead of P r R .
2 Nonspecial divisors on real algebraic curves In this section we introduce some notation and terminology and brie y recall a result on nonspecial divisors on real algebraic curves 7] . For the convenience of the reader, we include its short proof.
Let C be a real algebraic curve and let D be a divisor on C. Let X be a connected component of the set of real points C(R) of C and let res X : Div(C) ! Div(C) be the restriction-to-X morphism. This morphism is de ned by letting res X (P) = P if P 2 X and res X (P) = 0 if P 6 2 X, for any closed point P of C. Now, for any divisor D on C, we de ne the degree of D on X to be the natural number deg X (D) = deg(res X (D)).
Recall the following statement, of which we give a topological proof (cf. 2], Corollary 4.2.2). Proposition 2.1. Let C be a real algebraic curve. If ! is a nonzero rational di erential form on C then deg X (div(!)) is even for each connected component X of C(R).
Proof. The restriction of ! to X de nes a nonzero meromorphic real di erential form on the real analytic curve X. Since X is isomorphic to the real analytic curve P 1 (R), the statement follows from the next lemma. Lemma 2.2. Let ! be a nonzero meromorphic real di erential form on the real analytic curve P 1 (R). Then, deg(div(!)) is even. Proof. Let be the di erential form dx=(x 2 + 1) on P 1 (R). Clearly, has no zeros and no poles on P 1 (R). Let f be the unique meromorphic real analytic function on P 1 (R) such that ! = f . Then, div(!) = div(f). If f is constant, div(f) = 0. Hence, deg(div(!)) is even if f is constant. Suppose, therefore, that f is nonconstant and consider f as a real analytic map from Let C be a real algebraic curve, g its genus and s the number of connected components of C(R). Harnack's Inequality for real algebraic curves states that s g +1. Klein showed that, for all integers s and g satisfying s g +1, there is a real algebraic curve C of genus g such that C(R) has s connected components. In fact, there are many such curves since the moduli space of real algebraic curves C of genus g such that C(R) has s connected components is a connected semianalytic variety of dimension 3g ? 3 It follows form the preceding observations that the neutral real component Pic 0 (C) 0 of the Jacobian of C is a compact connected commutative real Lie group of dimension g. From the theory of real Lie groups it follows that Pic 0 (C) 0 is isomorphic to the real Lie group (S 1 ) g . Again, the group Pic 0 (C) 0 comes naturally equipped with a ner structure: that of a Nash group.
Much in the spirit of 10] and stronger a de nition than the one in 1], we de ne a Nash manifold to be a connected component of the set of real points of a real algebraic variety. A morphism of Nash manifolds is a map f : M ! N such that f is the restriction of a morphism F : X ! Y of real algebraic varieties and M and N are connected components of X(R) and Y (R), respectively. A Nash group is then de ned to be a group object in the category of Nash manifolds. It is a trivial fact that Pic 0 (C) 0 is a Nash group. Note that this structure on Pic 0 (C) 0 is indeed ner than the real Lie group structure since Pic 0 (C) 0 is not isomorphic, as a Nash group, to the Nash group (S 1 ) Now, the object of this paper is to show that, if the real algebraic curve C has many real components, there is a geometric description of the group Pic 0 (C) 0 , much similar to the geometric description of the group structure on the neutral real component of a real elliptic curve 12]. In fact, for g = 1, our description coincides with the latter.
Form now on, assume that C is a real algebraic curve of genus g 1 having many real components. Let X 1 ; : : : ; X g be g distinct connected components of C(R) and put X = X 1 X g . Clearly, X is a Nash manifold.
Choose real points O i 2 X i , for i = 1; : : : ; g and let D be the divisor 3 P O i .
By Riemann-Roch, the linear system jDj de nes an embedding of C into P 2g .
We identify C with its image in P 2g .
De ne a map cl: X ! Pic 0 (C) 0 by cl(P 1 ; : : :
where (P 1 ; : : : ; P g ) 2 X. This map is well de ned by the above observation, since the degree of the divisor P (P i ? O i ) is even on each connected component of C(R). The map cl is clearly a morphism of Nash manifolds. We will show that cl is an isomorphism of Nash manifolds. In fact, in 6], we showed already that this map is an isomorphism of Nash manifolds if C is an M -curve. Moreover, we are going to construct geometrically two laws on X, a unary law and a binary law . These laws, then, will correspond, through the map cl, to the Nash group laws on Pic 0 (C) 0 . The unary law is de ned as follows. Let (P 1 ; : : : ; P g ) be an element of In particular, the real points Q i 2 X i are uniquely determined by the real points P i 2 X i . Therefore, one can de ne a unary law : X ! X by (P 1 ; : : : ; P g ) = (Q 1 ; : : : ; Q g ):
One de nes the binary law on X as follows. Let (P 1 ; : : : ; P g ) and (Q 1 ; : : : ; Q g ) be in X. By Theorem 2.3, there is a unique hyperplane H of P 2g passing through P 1 ; Q 1 ; : : : ; P g ; Q g . By the same argument as above, there are unique points R i 2 X i , for i = 1; : : : ; g, such that
De ne a binary law : X X ! X by (P 1 ; : : : ; P g ) (Q 1 ; : : : ; Q g ) = (R 1 ; : : : ; R g ):
One then has the following statement: Theorem 3.1. Let C be a real algebraic curve having many real components. Then, with notation as above, the map cl: X ! Pic 0 (C) 0 is a Nash isomorphism of X onto Pic 0 (C) 0 , considered as Nash manifolds. Moreover, cl(P Q) = cl(P) + cl(Q) and cl( P ) = ?cl(P) for all P; Q 2 X. In particular, (X; ; ) is a Nash group isomorphic to the and cl maps U isomorphically onto cl(U). By Theorem 2.3, the e ective divisors corresponding to the elements of X are all nonspecial, i.e., X U . Hence, X is a connected component of U (R). Then, cl(X) is a connected component of U (R). Since cl(X) Pic 0 (C) 0 and X is compact, cl(X) = Pic 0 (C) 0 . Therefore, the restriction of cl to X is a Nash isomorphism onto Pic 0 (C) 0 . Let P; Q 2 X and let R 2 X be such that R = P Q. It is clear from the construction of P and R that cl(P) + cl( P ) = 0 and that cl(P) + cl(Q) + cl(R) = 0 in Pic(C). Hence, cl( P ) = ?cl(P) and cl(P Q) = cl(P)+cl(Q). Therefore, (X; ; ) is a Nash group and the map cl: X ! Pic 0 (C) 0 is an isomorphism of Nash groups.
As for real elliptic curves, one can deduce from the group structure on X the following geometric properties of the curve C P 2g : One can characterize the real algebraic curve C P 2g by purely topological conditions and, then, get the above geometric properties as consequences, i.e. Theorem 3.5. Let g 1 be an integer and let C P 2g be a nondegenerate real algebraic curve of genus g and degree 3g. Suppose that C has many real components and suppose that at least g of them represent the nontrivial homology class in H 1 (P 2g (R);Z=2Z). Then the following statements hold:
1. There are exactly g connected components X 1 ; : : : ; X g of C(R) representing the nontrivial homology class in H 1 (P 2g (R); Z=2Z).
2. There are real points O i 2 X i , for i = 1; : : : ; g, such that the inclusion morphism of C into P 2g is the morphism associated to the linear system jDj, where D = 3 P O i . In particular, one can de ne, as above, a binary law and a unary law on X = X 1 X g such that X gets the structure of a Nash group. Proof. Let X 1 ; : : : ; X g be connected components of C(R) representing the nontrivial homology class in H 1 (P 2g (R);Z=2Z). Choose P i ; Q i 2 X i , for i = 1; : : : ; g. Let H P 2g be a hyperplane passing through P 1 ; Q 1 ; : : : ; P g ; Q g . Since the degree of the divisor H C on C is odd on each of the connected components X 1 ; : : : ; X g and since H C is e ective of degree 3g, there are unique points R i 2 X i such that H C = X P i + Q i + R i : Now, if there is a connected component X 0 of C(R) di erent from X 1 ; : : : ; X g then the degree of H C on X 0 is equal to 0. In particular, the degree of H C on X 0 is even. Hence, the connected component X 0 of C(R) is homologous to 0 in H 1 (P 2g (R); Z=2Z). This shows Statement 1.
Let f : C ! P 2g be the inclusion morphism and let H P 2g be a hy- 
